Oscillations of coefficients of Dirichlet series attached to automorphic
  forms by Meher, Jaban & Murty, M. Ram
ar
X
iv
:1
41
2.
85
67
v3
  [
ma
th.
NT
]  
29
 A
pr
 20
16
OSCILLATIONS OF COEFFICIENTS OF DIRICHLET SERIES
ATTACHED TO AUTOMORPHIC FORMS
JABAN MEHER AND M. RAM MURTY
Abstract. For m ≥ 2, let pi be an irreducible cuspidal automorphic representa-
tion of GLm(AQ) with unitary central character. Let api(n) be the n
th coefficient
of the L-function attached to pi. Goldfeld and Sengupta have recently obtained
a bound for
∑
n≤x api(n) as x → ∞. For m ≥ 3 and pi not a symmetric power
of a GL2(AQ)-cuspidal automorphic representation with not all finite primes un-
ramified for pi, their bound is better than all previous bounds. In this paper, we
further improve the bound of Goldfeld and Sengupta. We also prove a quantitative
result for the number of sign changes of the coefficients of certain automorphic
L-functions, provided the coefficients are real numbers.
1. Introduction
In an earlier paper [11], we described a general theorem to study the sign changes
of any sequence of real numbers {a(n)}∞n=1. More precisely, we proved the following.
Theorem 1.1. Let {a(n)}∞n=1 be a sequence of real numbers such that
(i) a(n) = O(nα),
(ii)
∑
n≤x a(n) = O(n
β),
(iii)
∑
n≤x a(n)
2 = cx+O(xγ),
with α, β, γ, c ≥ 0. If α + β < 1, then for any r satisfying
max{α + β, γ} < r < 1,
the sequence {a(n)}∞n=1 has at least one sign change for n ∈ [x, x+x
r]. Consequently,
the number of sign changes of a(n) for n ≤ x is ≫ x1−r for sufficiently large x.
We applied this theorem to study oscillations of Fourier coefficients of modular
forms of half-integral weight. In this paper, we focus our attention on coefficients of
Dirichlet series attached to automorphic forms.
Let F be an algebraic number field with [F : Q] = d, and ring of integers OF and
discriminant DF . For n ≥ 2, let π be a cuspidal automorphic form on GLn(AF )
with unitary central character and where AF denotes the adele ring of F . We denote
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by π˜ the contragradient representation of π. The standard L-function attached to
π for ℜ(s) > 1 is given by
L(s, π) :=
∏
v
L(s, πv),
where the product is over all the places of F (finite and infinite) and L(s, πv) is the
local Euler factor described as follows. At an unramified finite place v of π,
L(s, πv) =
n∏
i=1
(1− αi,π(v)(Nv)
−s)−1,
for suitable complex numbers αi,π(v) (called the Satake parameters) and Nv is the
absolute norm of v. At an unramified infinite place v,
L(s, πv) =
n∏
i=1
Γv(s− µi,π(v)),
where the µi,π(v)’s are complex numbers and
Γv(s) = π
−s/2Γ(s/2) if v is real
and
Γv(s) = (2π)
−sΓ(s) if v is complex.
With this notation, the generalized Ramanujan conjecture is the assertion that
|αi,π(v)| = 1 if v is finite
and
ℜ(µi,π(v)) = 0 if v is infinite.
In this context, Luo, Rudnick and Sarnak [10] have proved that
|αi,π(v)| ≤ (Nv)
1
2
− 1
n2+1 if v is finite
and
|ℜ(µi,π(v))| ≤
1
2
−
1
n2 + 1
if v is infinite.
This (at present) is the most general result. Better results are there for n = 2.
Godement and Jacquet [3] indicated how to define L(s, πv) for the finitely many v
at which πv is ramified and the completed L-function admits an analytic continuation
to the entire complex plane and satisfies a functional equation relating L(s, π) to
L(1 − s, π˜). We refer the reader to [2] (Chapter 9 in particular) for the details
regarding the analytic properties of these L-series.
Jacquet, Piatetski-Shapiro and Shalika [6] developed the theory of Rankin-Selberg
for general L-series. More precisely, if π1 is a cuspidal automorphic representation
on GLn(AF ) and π2 a cuspidal automorphic representation of GLm(AF ) then one
can construct L(s, π1× π2) using the local Satake parameters of π1 and π2. It turns
out that L(s, π1×π2) extends to an entire function ifm 6= n. Otherwise, L(s, π1×π2)
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extends to an analytic function for all s ∈ C except for s = iσ and s = 1 + iσ with
σ ∈ R, where π˜1 = π2 × |det|
iσ. In this article we will have F = Q. For m ≥ 2, let
π be an irreducible cuspidal automorphic representation of GLm(AQ) with unitary
central character. For ℜ(s) > 1, the L-function attached to π is given by
L(s, π) =
∏
p
L(s, πp),
where p runs over all finite rational primes and L(s, πp) is the local Euler factor. For
ℜ(s) > 1, let the Dirichlet series representation of L(s, π) be
L(s, π) =
∞∑
n=1
aπ(n)
ns
.
Then the completed L-function
Λ(s, π) :=
m∏
i=1
π−
s+λi
2 Γ
(
s+ λi
2
)
L(s, π),
where λi ∈ C (for i = 1, 2, . . . , m), admits an analytic continuation to the entire
complex plane and satisfies the functional equation
Λ(s, π) = ǫπN
1
2
−s
π Λ(1− s, π˜),
where ǫπ ∈ C has absolute value 1 and is called the root number, Nπ is a positive
integer called the conductor of π. A prime p is called unramified for π if (p,Nπ) = 1.
Theorem 1.2. For m ≥ 2, let π denote an irreducible cuspidal automorphic repre-
sentation of GLm(AQ) with unitary central character. Let L(s, π) be its associated
L-function with nth coefficient aπ(n). Then we have∑
n≤x
aπ(n)≪
{
x
71
192
+ǫ if m = 2,
x
m2−m
m2+1
+ǫ
if m ≥ 3.
for any fixed ǫ > 0.
The method of proof of the above theorem is same as in [4], but we use a result of
Lu¨ [9] which ultimately follows from the result of Chandrasekharan and Narasimhan
[1]. The difference in our proof is that we estimate differently which is similar to
Lu¨ [9] and get a better bound in the general case too. We apply the above theorem
to deduce the following result on sign changes of coefficients of L-series attached to
certain automorphic forms. However, the bounds of Golfeld and Sengupta [4] for
the first moment of the coefficients of the automorphic L-functions are enough to
prove the following result.
Theorem 1.3. Let L(s, π) be the automorphic L-function associated to an auto-
morphic irreducible self-dual cuspidal representation π of GL2(AQ) and let aπ(n) be
its nth coefficient. If the sequence {aπ(n)}
∞
n=1 is a sequence of real numbers, then
4 JABAN MEHER AND M. RAM MURTY
for any real number r satisfying 3
5
< r < 1, the sequence {aπ(n)}
∞
n=1 has at least one
sign change for n ∈ [x, x + xr]. Consequently, the number of sign changes of aπ(n)
for n ≤ x is ≫ x1−r for sufficiently large x.
Remark 1.4. Although the above theorem is stated for automorphic forms for GL2,
we will see that we get a similar sign change result for certain automorphic forms
for GLm, where m > 2. For example, we will see that a similar result is valid for
symmetric square L-functions attached to Hecke Maass cusp forms. Also we get
similar result for certain symmetric power L-functions attached to any holomorphic
cusp form.
Next, we prove a sign change result for the eigenvalues of Siegel Hecke cusp form
of genus 2. To state the result we review some basics of spinor zeta function attached
to Siegel modular forms of genus 2.
Let F be a non-zero Siegel cusp form of weight k for the group Sp4(Z) which
is an eigenfunction for all the Hecke operators T (n) with eigenvalues λF (n). It is
well known that λF (n) are real and multiplicative. Assume also that F is not a
Saito-Kurokawa lift. We define the normalized eigenvalue of F by
λ(n) :=
λF (n)
nk−3/2
.
The spinor zeta function attached to F is defined by
Z(s, F ) :=
∏
p
Zp(s, F ),
where
Zp(s, F ) =
∏
1≤i≤4
(1− βi,pp
−s)−1.
Here β1,p := α0,p, β2,p := α0,pα1,p, β3,p := α0,pα2,p, β4,p := α0,pα1,pα2,p, and α0,p, α1,p, α2,p
are the Satake parameters of F . The Ramanujan conjecture which has been proved
by Weissauer [14], is the assertion that for all primes p one has
(1) |α0,p| = |α1,p| = |α2,p| = 1.
For ℜ(s) > 1, let the Dirichlet series representation of Z(s, F ) be
Z(s, F ) =
∞∑
n=1
aF (n)
ns
.
The completed L function
Λ(s, F ) := (2π)−sΓ
(
s+ k −
3
2
)
Γ
(
s+
1
2
)
Z(s, F )
can be analytically continued to the whole complex plane and it satisfies the func-
tional equation
Λ(s, F ) = (−1)kΛ(1− s, F ).
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It is well known that
(2)
∞∑
n=1
λ(n)
ns
= Z(s, F )ζ(2s+ 1)−1.
From (2), we easily see that
(3) λ(n) =
∑
d2m=n
µ(d)
d
aF (m),
where µ is the Mo¨bius function. Using (1), we see that for every integer n ≥ 1, we
have
|aF (n)| ≤ d4(n),
where dl(n) is the number of ways of writing n as a product of l positive integers.
Now by using (3) it can be easily deduced that for every ǫ > 0, we have
(4) |λ(n)| ≤ d5(n)≪ n
ǫ.
Kohnen [8] has proved that the sequence {λF (n)}n≥1 changes signs infinitely of-
ten. We prove the following quantitative result on sign changes of the sequence
{λF (n)}n≥1.
Theorem 1.5. If F is a non-zero Siegel cusp form of weight k for the group Sp4(Z)
which is an eigenfunction for all the Hecke operators T (n) with eigenvalues λF (n)
and which is not a Saito-Kurokawa lift, then for any real number r satisfying 41
47
<
r < 1, the sequence {λF (n)}
∞
n=1 has at least one sign change for n ∈ [x, x + x
r].
Consequently, the number of sign changes of {λF (n)} for n ≤ x is ≫ x
1−r for
sufficiently large x.
2. Preparatory results
We recall a well-known result of Chandrasekharan and Narasimhan [1]. We need
to define a few things before proceeding to the theorem.
Let
φ(s) =
∑
n≥1
a(n)
ns
,
and
ψ(s) =
∑
n≥1
b(n)
ns
be two Dirichlet series. Let ∆(s) =
∏l
i=1 Γ(αis+βi) and A =
∑l
i=1 αi. Assume that
Q(x) =
1
2πi
∫
C
φ(s)
s
xsds,
where C encloses all the singularities of the integrand. With these definitions, we
now state the result [1, Theorem 4.1].
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Theorem 2.1. Suppose that the functional equation
∆(s)φ(s) = ∆(δ − s)ψ(δ − s)
is satisfied with δ > 0, and that the only singularities of the function φ are poles.
Then, we have
B(x)−Q(x) = O(x
δ
2
− 1
4A
+2Aηu) +O(xq−
1
2A
−η(log x)r−1) +O(
∑
x<n≤x′
|a(n)|),
for every η ≥ 0, where B(x) =
∑
n≤x a(n), x
′ = x+O(x1−
1
2A
−η), q is the maximum
of the real parts of the singularities of φ, r the maximum order of a pole with real
part q, and u = β − δ
2
− 1
4A
, where β is such that
∑∞
n=1 |b(n)|n
−β is finite. If, in
addition, an ≥ 0, then we have
B(x)−Q(x) = O(x
δ
2
− 1
4A
+2Aηu) +O(xq−
1
2A
−η(log x)r−1).
We recall some basic results about the Rankin-Selberg L-function L(s, π × π˜)
associated to π and its contragredient π˜. We write L(s, π × π˜) as a Dirichlet series
(5) L(s, π × π˜) =
∞∑
n=1
aπ×π˜(n)
ns
.
Then the completed L-function
(6) Λ(s, π × π˜) :=
r∏
i=1
r∏
j=1
π−s−
−λi−λj
2 Γ
(
s+ λi
2
)
Γ
(
s− λj
2
)
L(s, π × π˜)
has a meromorphic continuation to the entire complex plane and satisfies the func-
tional equation
(7) Λ(s, π × π˜) = ǫπ×π˜N
1
2
−s
π×π˜Λ(1− s, π × π˜).
It is also known that aπ×π˜ ≥ 0 and the L-function L(s, π × π˜) has a simple pole at
s = 1. For (n,Nπ) = 1, it has been shown in [4] that
(8) |aπ(n)|
2 ≤ aπ×π˜(n).
Then by equation (3.10) of [9], we have the following result.
Proposition 2.2. We have∑
n≤x
aπ×π˜(n) = cπx+Oǫ,π(x
m2−1
m2+1
+ǫ
),
where cπ is a positive constant.
We also state the following result
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Theorem 2.3. Let L(s, π1) and L(s, π2) be two automorphic L-functions whose
associated Dirichlet series can be written as
∞∑
n=1
a(n)
ns
and
∞∑
n=1
b(n)
ns
respectively. Suppose that the exponents towards the Ramanujan’s conjecture for π1
and π2 are strictly less than 1/4. Then the series
∞∑
n=1
a(n)b(n)
ns
= L(s, π1 × π2)g(s),
where g(s) is a Dirichlet series absolutely convergent for ℜ(s) > 1/2 and L(s, π1×π2)
is the Rankin-Selberg L-series attached to π1 and π2.
The above result is proved in [5, Theorem 6] where it is assumed that π1 and
π2 satisfy Ramanujan’s conjecture. But the proof goes through with a weaker hy-
pothesis that the exponents towards the Ramanujan’s conjecture for π1 and π2 are
strictly less than 1/4. Next we prove the non-vanishing of the Dirichlet series g(s)
appearing in the above theorem at the point 1 in our next proposition.
Proposition 2.4. Let π1 = π˜2 = π be self-dual in Theorem 2.3. Then
∞∑
n=1
|aπ(n)|
2
ns
= L(s, π × π)g(s).
If g(s) =
∞∑
n=1
c(n)
ns
, then the series g(1) =
∞∑
n=1
c(n)
n
is non-zero.
To prove the above proposition, we first prove the following lemma.
Lemma 2.5. The series ∑
p prime
aπ×π(p)
p
is divergent.
Proof. To prove the lemma, we prove that
(9)
∑
p≤x
aπ×π(p) ∼
x
log x
,
where p varies over all primes less than or equal to x. To prove (9), we first show
that
(10)
∑
n≤x
aπ×π(n)Λ(n) ∼ x,
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where Λ(n) is the von Mangoldt function. Then by partial summation, we get (9).
We apply Tauberian theorem to the Dirichlet series
−
L′(s, π × π)
L(s, π × π)
=
∞∑
n=1
aπ×π(n)Λ(n)
ns
.
By a result of Shahidi [13, Theorem 5.2], L(s, π × π) does not vanish on ℜ(s) = 1.
Also the series
−
L′(s, π × π)
L(s, π × π)
=
∞∑
n=1
aπ×π(n)Λ(n)
ns
.
converges absolutely for ℜ(s) > 1 and it is analytically continued for ℜ(s) ≥ 1
except for a simple pole at s = 1 since L(s, π × π) is analytically continued to the
whole complex plane except for a simple pole at s = 1. Thus applying the Tauberian
theorem, we get (10) and hence (9).
Now by partial summation, we have∑
p≤x
aπ×π(p)
p
=
A(x)
x
+
∫ x
2
A(t)
t2
dt,
where A(x) =
∑
p≤x aπ×π(p). Now using (9), we get∑
p≤x
aπ×π(p)
p
=
1
log x
+ o
(
1
log x
)
+
∫ x
2
(
1
t log t
+ o
(
1
t log t
))
dt.
By simplifying, we deduce that∑
p≤x
aπ×π(p)
p
= log log x+ o(log log x).
This proves the result. 
Proof of Proposition 2.4: Suppose that
∞∑
n=1
c(n)
n
is zero. Since the series
∞∑
n=1
aπ×π(n)
ns
has a simple pole at s = 1, the series
∞∑
n=1
|aπ(n)|
2
ns
does not have any singularity at s = 1. Then by Landau’s theorem on Dirichlet
series with non-negative coefficients, there exists a real number σ such that the
OSCILLATIONS OF FOURIER COEFFICIENTS OF AUTOMORPHIC FORMS 9
Dirichlet series
∞∑
n=1
|aπ(n)|
2
ns
is convergent for ℜ(s) > σ and it has a singularity at s = σ. Since g(s) is absolutely
convergent for ℜ(s) > 1/2, we deduce that σ ≤ 1/2. But we will prove that the
series
∞∑
n=1
|aπ(n)|
2
n
is divergent. This will lead to a contradiction. We know that for any prime p, we
have
|aπ(p)|
2 = aπ×π(p).
Thus ∑
p prime
aπ×π(p)
p
≤
∞∑
n=1
|aπ(n)|
2
n
,
and the proposition follows from Lemma 2.5.
3. Proof of Theorem 1.2
We will apply Theorem 2.1 to prove Theorem 1.2. From (6) and (7), we have
δ = 1, q = 0, r = 0, β = 1 + ǫ, A =
m
2
, u =
1
2
−
1
2m
+ ǫ, x′ = x+O(x1−η−
1
m ),
for any η > 0. Applying Theorem 2.1, we obtain
(11)
∑
n≤x
aπ(n)≪ x
1
2
− 1
2m
+mη( 1
2
− 1
2m
+ǫ) +
∑
x≤n≤x′
|aπ(n)|.
Now we estimate the sum
∑
x≤n≤x′ |aπ(n)|. Since the coefficients aπ(n) are multi-
plicative, it is easy to see that
(12)
∑
x≤n≤x′
|aπ(n)| ≪
∑
x≤n≤x′
(n,Npi)=1
|aπ(n)|.
If m = 2, we have
aπ(n)≪ n
7
64
+ǫ.
Then for m = 2, (11) becomes∑
n≤x
aπ(n)≪ x
1
4
+ 1
2
η+2ǫ +
∑
x≤n≤x′
(n,Npi)=1
|aπ(n)| ≪ x
1
4
+ 1
2
η+2ǫ + x
39
64
−η+ǫ.
Choosing η = 23
96
, we get ∑
n≤x
aπ(n)≪ x
71
192
+ǫ.
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This proves the result for m = 2. For m ≥ 3, using the Cauchy-Schwarz inequality
and (8), we have
(13)
∑
x≤n≤x′
(n,Npi)=1
|aπ(n)| ≪ x
(1−η− 1
m
) 1
2
 ∑
x≤n≤x′
(n,Npi)=1
|aπ(n)|
2

1
2
≪ x
1
2
− η
2
− 1
2m
 ∑
x≤n≤x′
(n,Npi)=1
aπ×π˜(n)

1
2
.
By Proposition 2.2, we have
(14)
∑
x≤n≤x′
(n,Npi)=1
aπ×π˜(n)≪ x
1−η− 1
m + x
m2−1
m2+1
+ǫ
,
for every η ≥ 0 and ǫ > 0. We will choose η in such a way that 1− η − 1
m
≤ m
2−1
m2+1
.
This will imply that the second term in the right hand side of the above estimate
will be the dominant term. Now from (11), (13) and (14), we have∑
n≤x
aπ(n)≪ x
1
2
− 1
2m
+mη( 1
2
− 1
2m
+ǫ) + x1−η−
1
m + x
1
2
− η
2
− 1
2m
+ m
2−1
2(m2+1)
+ǫ
.
Choosing η = m
2−1
m(m2+1)
in the above estimate, we see that the exponent of the first
term of the right hand side equals the exponent of third term and it is bigger than
the exponent of the second term. Thus we obtain∑
n≤x
aπ(n)≪ x
m2−m
m2+1
+ǫ
,
for any fixed ǫ > 0. This completes the proof.
4. Proof of Theorem 1.3
We first do the analysis for general m ≥ 2 and then we will specialise to the case
when m = 2. The bounds for the coefficients aπ(n) of the automorphic L-function
associated to an automorphic irreducible cuspidal representation π of GLm over Q
are given by
(15) aπ(n)≪

n
7
64
+ǫ if m = 2
n
5
14
+ǫ if m = 3
n
1
2
− 1
m2+1
+ǫ
if m ≥ 4,
for any ǫ > 0.
Thus in the notation of Theorem 1.1, we have
α =

7
64
+ ǫ if m = 2,
5
14
+ ǫ if m = 3
1
2
− 1
m2+1
+ ǫ if m ≥ 4,
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from Theorem 1.2, we have
β =
{ 71
192
+ ǫ if m = 2,
m2−m
m2+1
+ ǫ if m ≥ 3,
Now we need to find out γ. Since π is a self dual representation, if α < 1/4, then
by Theorem 2.3, we have
(16)
∞∑
n=1
aπ(n)
2
ns
= g(s)
∞∑
n=1
aπ×π(n)
ns
,
where g(s) is absolutely convergent for ℜ(s) > 1/2. Let g(s) be given by the Dirichlet
series
g(s) =
∞∑
n=1
c(n)
ns
.
Then from (16), for each n ≥ 1, we have
(17) aπ(n)
2 =
∑
d|n
c(d)aπ×π(n/d).
Using Proposition 2.2 and the above equation, we get∑
n≤x
aπ(n)
2 =
∑
d≤x
c(d)
{
cπ
x
d
+O
((x
d
)m2−1
m2+1
+ǫ
)}
.
Thus
(18)
∑
n≤x
aπ(n)
2 = cπx
∑
d≤x
c(d)
d
+O(x
m2−1
m2+1
+ǫ
).
The series
g(s) =
∞∑
n=1
c(n)
ns
is absolutely convergent for ℜ(s) > 1/2, and by partial summation, for any θ > 1/2,
we have ∑
d>x
c(d)
dθ
≪
∫ ∞
x
B(t)
t1+θ
dt,
where
B(t) =
∑
n≤t
c(n)≪ t
1
2
+ǫ
for any ǫ > 0. By simplifying, we get
(19)
∑
d>x
c(d)
dθ
≪ x−θ+
1
2
+ǫ.
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Inserting this estimate in (18), we obtain∑
n≤x
aπ(n)
2 = cπg(1)x+O(x
1
2
+ǫ) +O(x
m2−1
m2+1
+ǫ
).
Since g(1) 6= 0 by Proposition 2.4, we deduce that∑
n≤x
aπ(n)
2 = c1x+O(x
1
2
+ǫ) +O(x
m2−1
m2+1
+ǫ
),
where c1 is a positive constant. Since m ≥ 2, it again simplifies to
(20)
∑
n≤x
aπ(n)
2 = c1x+O(x
m2−1
m2+1
+ǫ
)
for some positive constant c1.
Thus we have found that if α < 1/4, then γ = m
2−1
m2+1
+ ǫ for any ǫ > 0. For m = 2,
α = 7/64 + ǫ < 1/4, β = 71
192
+ ǫ and γ = 3
5
+ ǫ. Therefore for m = 2, we have
max{α + β, γ} =
3
5
+ ǫ < 1,
Thus by Theorem 1.1, Theorem 1.3 follows.
5. Proof of Theorem 1.5
The idea of proof is to apply Theorem 1.1 to the sequence {λ(n)}n≥1. By (4) we
have α = ǫ for any ǫ > 0 in this case. It has been proved in [12, Lemma 1] that∑
n≤x
aF (n)≪ x
3
5
+ǫ.
Using the above estimate and (3) we deduce that∑
n≤x
λ(n)≪ x
3
5
+ǫ.
Thus β = 3
5
+ ǫ in this case. Also from [7, Theorem 1.1], we have the following
estimate for the second moment of λ(n). For any ǫ > 0, we have∑
n≤x
λ(n)2 = cFx+Oǫ
(
x
41
47
+ǫ + k
30
17x
11
17
+ǫ
)
,
where cF is a positive constant depending on F . Thus γ =
41
47
+ ǫ in this case.
Therefore
max{α + β, γ} =
41
47
+ ǫ < 1.
Hence by Theorem 1.1, Theorem 1.5 follows.
OSCILLATIONS OF FOURIER COEFFICIENTS OF AUTOMORPHIC FORMS 13
6. Further remarks
The Ramanujan conjecture is known for certain automorphic forms for GLm(AQ).
If we assume the Ramanujan conjecture on the coefficients aπ(n) attached to an
automorphic form, then we also get a result for the number of sign changes in
the interval [x, 2x]. Here also we note that the bounds obtained by Goldfeld and
Sengupta [4] are sufficient to prove the following theorem.
Theorem 6.1. Let L(s, π) be the automorphic L-function associated to an automor-
phic irreducible self-dual cuspidal representation π of GLm(AQ) with unitary central
character satisfying the Ramanujan conjecture, and let aπ(n) be its n
th coefficient.
If the sequence {aπ(n)}
∞
n=1 is a sequence of real numbers, then for any real number
r satisfying m
2−1
m2+1
< r < 1, the sequence {aπ(n)}
∞
n=1 has at least one sign change for
n ∈ [x, x + xr]. Consequently, the number of sign changes of aπ(n) for n ≤ x is
≫ x1−r for sufficiently large x.
The Ramanujan conjecture is known to be true for the coefficients of symmetric
power L-functions attached to holomorphic Hecke cusp forms. Also the automor-
phicity of symmetric power L-functions Symj(s, f) attached to a holomorphic Hecke
cusp form f is known for some values of j. Therefore in these cases we can apply
Theorem 6.1. Also the exponent towards the Ramanujan conjecture attached to
the symmetric square L-function attached to any Hecke Maass cusp form is 14
64
< 1
4
.
Therefore in this case also we get a result similar to Theorem 1.3 on sign changes
for the coefficients.
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